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ABSTRACT

Dobran, F., 1992. Nonequilibrium flow 1n volcanic conduits and application to the eruptions of Mt. St Helens on May
18, 1980, and Vesuvius in AD 79.J Volcanol. Geotherm Res ,49:285-311.

A steady-state, one-dimensional, and nonhomogeneous two-phase flow model was developed for the prediction of local
flow properties in volcanic conduits. The model incorporates the effects of relative velocity between the phases and for the
vanable magma viscosity The resulting set of nonlinear differential equations was solved by a stiff numerical solver and
the results were verified with the results of basaltic fissure eruptions obtained by a homogeneous two-phase flow model,
before applying the model to the eruptions of Mt. St. Helens and Vesuvius volcanoes. This verification, and a study of the
sensitivity of several modeling parameters, proved effective 1n estabhishing the confidence in the predicted nonequilibrium
results of flow distnibution 1n the conduits when the mass flow rate is critical or maximum. The application of the model
to the plinian eruptions of Mt. St. Helens on May 18, 1980, and Vesuvius in AD 79, demonstrates the sensitivity of the
magma discharge rate and distributions of pressure, volumetric fraction, and velocities of phases, on the hydrous magma
viscosity feeding the volcanic conduits. Larger magma viscosities produce smaller mass discharge rates (or greater conduit
diameters), smaller exit pressures, larger disequilibrium between the phases, and larger difference between the local lith-
ostatic and fluid pressures 1n the conduit. This large pressure difference occurs when magma fragments and may cause a
rupture of the conduit wall rocks, producing a closure of the conduit and cessation of the volcanic eruption, or water
pouring into the condut from underground aquifers leading to phreatomagmatic explosions The motion of the magma
fragmentation zone along a conduit during an eruption can be caused by the varying viscosity of magma feeding the
volcanic conduit and may cause intermittent phreatomagmatic explosions during the pliman phases as different under-
ground aquifers are activated at different depths The variation of magma viscosity during the eruptions of Mt St. Helens
n 1980 and Vesuvius in AD 79 is normaily associated with the tapping of magmas from different depths of the magma
chambers This vanation of viscosity, which can include different crystal and dissolved water contents, can also produce
conduit wall erosion, the onset and collapse of volcanic columns above the vent, and the onset and cessation of pyroclastic
flows and surges.
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1. Introduction

The discharge of magma from a volcanic
system through the country rock can take place
through various types of conduits, depending
on the type of magma at depth and on the geo-
logical and structural characteristics of the
overlying rocks and soil. The erupted magma
and volcanic surface features provide many

clues as to how and over what time eruptions
occurred. Thus, very large sheets of lava pla-
teaus are formed when large volumes of low
viscosity or basaltic magmas erupt from fis-
sure eruptions. The initial flow through fis-
sures may be sebsequently changed by the clo-
sure of small-width fissures due to magma
cooling and solidification, and enlargement of
large-width fissures due to melting and erosion
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NOTATION

A flow cross-sectional area
B\,B, coefficients in Eqns. (3) and (19)
Cp drag coefficient

G, interfacial friction coefficient

D conduit diameter

Dy hydraulic diameter, defined by Eqn. (2)
d bubble or particle/droplet diameter
F friction force per unit area

f friction factor

G mass flux, M/A

g gravitational acceleration

h depth, see Fig. 1

K entrance loss coefficient

L conduit length

M mass flow-rate

N bubble density

n, exponent 1n solubility law, Eqn. (11)
P pressure

R gas constant

Re Reynolds number

Richardson number, defined by Eqn. (49)
defined by Eqn. (27)

solubility constant in Eqn. (11)
temperature

velocity

Weber number defined by Eqn. (33)
fissure half-width

exsolved gas mass fraction

¥RNC A%

4N

(41)
dissolved gas mass fraction
distance along a conduit, Fig. 1
gas volumetric fraction
viscosity
anhydrous magma viscosity without crystals
anhydrous magma viscosity containing crystals
nterfacial drag coefficient
density
surface tension
determinant
yield stress
crystal volumetric fraction
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ubscripts

bubble

country rock
particle/droplet

exit

single-phase region

gas

hydraulic

liquid or particle/droplet
mean

stagnation state in magma chamber
two-phase

wall

-
-

sdogrzomgecs

vector of dependent variables, defined by Eqn.
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of country rock, thus forming flows from iso-
lated vents (Bruce and Huppert, 1989). The
more viscous silicic magmas erupt pyroclastic
products from central vents that may be fed by
dikes or magma chambers.

As magma rises through a conduit it exsolves
the dissolved gases and it cools, producing a
multiphase and multicomponent flow. The
cooling of magma is at most 200°C (from the
liquidus to the solidus temperature ) and is not
very significant compared to the magma tem-
perature (about 800°C for rhyolite and
1000°C for basalt), unless the magma inter-
acts with water. This cooling can, however,
produce large changes in the physical proper-
ties of magma and an isothermal flow consid-
eration in conduits may not always be appro-
priate. The cooling produces crystallization
that leads to an increase of magma viscosity,
density, and the dissolved gas content in the
liquid. The increase of dissolved gas content in
the liquid due to crystallization is largely offset
by the decrease due to exsolution. The dis-
solved gases in the liquid consist primarily of
water vapor and carbon dioxide and begin
exsolving when the pressure in magma is suf-
ficiently reduced. The exsolved gases form
critical nuclei or bubbles which subsequently
grow by mass diffusion, inertia, heat transfer,
surface tension, and decompression (Sparks,
1978). The crystallization and exsolution pro-
cesses within a conduit can produce different
flow regimes and nonequilibrium effects be-
tween the phases under certain combinations
of magma withdrawal rate, conduit size, and
physical and chemical properties of magma in
the magma chamber. A nonequilibrium flow of
magma and gas can occur when the bubble
growth is prevented by the large magma vis-
cosity, causing an excess pressure buildup be-
tween the two phases when the bubbles are very
small (several microns). After the magma
fragments, the mixture viscosity is greatly re-
duced and large accelerations and relative ve-
locity increase between the phases can occur
due to the gas expansion and reduction of the
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interfacial drag. An interaction of magma with
the underground aquifers can produce further
chemical, mechanical, and thermal nonequi-
librium effects.

The modeling of magma flow in volcanic
conduits has been performed by the steady,
one-dimensional, and homogeneous models
(Kieffer, 1977; Pai et al., 1978; Wilson et al.,
1980; Wilson and Head, 1981; Buresti and
Casarosa, 1989; Giberti and Wilson, 1990), by
the steady, one-dimensional, and separated
flow model (Vergniolle and Jaupart, 1986),
and by an unsteady, one-dimensional, and ho-
mogeneous model (Turcotte et al., 1990). The
isothermal and homogeneous models of Wil-
son et al. (1980) and Wilson and Head (1981)
were employed to study the motion of magma
and gas along conduits with variable area and
a given pressure assumed to be lithostatic. Un-
der these conditions the magma pressure at the
conduit exit is atmospheric and the flow cross-
sectional area exhibits almost a constant shape
up to the depth where the local two-phase flow
velocity becomes sonic. Beyond this point the
flow becomes supersonic and requires an area
increase of the conduit. There is an evidence
that the exit pressures of pyroclastic products
are larger than the atmospheric pressure, and
that the flow exiting from a conduit is super-
sonic and interacting with the local atmo-
sphere through a complex system of shocks
(Kieffer, 1981). A nonlithostatic pressure gra-
dient of magma in a conduit allows for the de-
formation and failure of rocks and is believed
to produce violent phreatomagmatic eruptions
when the pressure of fragmented magma falls
sufficiently below the local lithostatic pres-
sure, since it can cause water from the under-
ground aquifers to flow into the conduit after
the wall rupture (Barberi et al., 1988).

An alternate steady-state and homogeneous
model which allows for the temperature varia-
tion of the gas—particle mixture and which is
applicable to the fragmented regime of magma
in conduits was proposed by Buresti and Cas-
arosa (1989). For a near-uniform flow cross-

sectional area and adiabatic conduit, this
model predicts a negligible temperature change
of the two-phase mixture. The separated flow
model of Vergniolle and Jaupart (1986) al-
lows for the relative velocity between the
phases and may be applicable to basaltic mag-
mas with known two-phase flow conditions at
the conduit entrance, bubbly flow regime, and
low void fractions at the conduit exit. This
model predicts that at any location along the
conduit the gas volumetric fraction computed
by the homogeneous model is larger than the
one predicted by the separated flow model, and
that the pressure drop of the separated flow
model is smaller than the lithostatic pressure
drop along a conduit. The homogeneous model
of Giberti and Wilson (1990) also predicts a
nonlithostatic pressure distribution along the
conduits of different shapes, and exit pressures
in excess of the atmospheric. By neglecting the
weight of the magma column and friction along
the conduit wall, Turcotte et al. (1990) ap-
plied a transient, one-dimensional, and ho-
mogeneous model to the wave propagation
along the conduit after a sudden pressure de-
crease at the conduit exit.

The plinian eruptions of Mt. St. Helens on
May 18, 1980, and Vesuvius on August 24 and
251in AD 79, involved magma withdrawal from
deep magma chambers where the magma flow
through conduits produced different two-phase
flow regimes and interactions with subterra-
nean water (Sigurdsson et al., 1985; Carey and
Sigurdsson, 1985). The magmas from these
volcanoes contain high silicic contents and may
produce large frictional pressure drops in con-
duits due to their large viscosities. This in turn
may produce considerable nonequilibrium ef-
fects and invalidate the predictions from ho-
mogencous two-phase flow modeling. These
considerations and a need to produce more re-
liable modeling of two-phase flows in volcanic
conduits for the purpose of determining more
accurate distributions of pyroclastic disper-
sions above the volcanic vents and for provid-
ing future simulation capabilities of volcanic
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eruptions (Dobran et al., 1990) led to the de-
velopment of the nonequilibrium flow model
presented in this paper. This nonequilibrium
model allows for the relative velocity between
the phases, variable magma viscosity, and for
different flow regimes. After being verified with
the homogeneous model of basaltic fissure
eruptions, the model was applied to the erup-
tions of Mt. St. Helens in 1980 and Vesuvius
in AD 79 for the purpose of determining the
effects of magma viscosity and conduit size and
length on the eruptive dynamics. The results
show that large-viscosity magmas feeding the
conduits can produce a significant difference
between the local lithostatic and fluid pressure
in the conduit when the magma fragments. This
pressure difference can cause a failure of the
conduit wall and lead to the cessation of the
eruption or water inflow into the conduit that
can produce phreatomagmatic explosions.
Larger-viscosity magmas also produce smaller
exit pressures and larger disequilibrium effects
in the magma fragmentation region and at the
exit of the conduits.

2. Description of the nonequilibrium model
2.1 Single-phase flow region

The flow of magma through a volcanic con-
duit may be considered to be a quasi steady-
state process whereby the magma accelerates
from the stagnation state o in the magma
chamber and begins exsolving the dissolved gas
at a height z; above the chamber (Fig. 1). In
the region from z=0 to z=z;, the magma flow
can be considered as an effective single-phase
fluid with a mean density and viscosity that ac-
count for the dissolved gas and crystals present
in the liquid. Due to the short transit time of
fluid in a conduit (several minutes to hours, or
days at most), the crystal content cannot
change significantly and a mean value can be
used. The single-phase flow length z; can be
easily established by applying a one-dimen-
sional form of the momentum equation (or
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Fig. 1. Schematic illystration of a volcanic conduit of
length L and hydraulic diameter Dy. Magma accelerates
from the stagnation state o and begins exsolving at z=z.

Bernoulli equation with friction) between the
stagnation state o in the magma chamber and
height z;, i.e.:

Py=Pe+ (1+K)G?/(2pL)
+4(f/Du)z:G*/ (2p) +pLg2¢

which gives:
Dyl 2p (P, —P;)
Zf:q:lfil:——_—L G2 f —-1+K]X
1
—_— 1
G2af

where p is an effective density of magma, G is
the mass flux (mass flow rate of magma per
unit area), f'is a friction loss coefficient, and
Dy is the hydraulic diameter of the conduit
which is defined in terms of the flow cross-sec-
tional area 4 and wetted perimeter &,, i.e.:

Dy =44/&, (2)

In Eqn. (1) K is the entrance loss coefficient
and it ranges from K=0.03-0.05 for smooth
entrances to K=0.4-0.5 for sharp-edged en-
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trances (White, 1979). The friction coeffi-
cient f depends on the conduit geometry, lam-
inar and turbulent flow, and can be expressed
as:
B,

GDy
=—+B Re=
Re ™% ¢ Mo

(3)

where g4, is an appropriate magma viscosity
and Re is the Reynolds number. For a circular
conduit and fairly rough walls B;=16 and
B,=0.01-0.05, whereas for a fissure B, =24.
Equation (3) is obviously an approximation
to the actual friction factor behavior and may
be viewed as a parameter in the model whose
effect on the results must be carefully consid-
ered. The magma chamber pressure P, in Eqn.
(1) must be bracketed by the lithostatic pres-
sure of the overlying rocks and soil and the rock
yield stress 7.. At magma chamber depths 7. is
probably limited by 50 MPa due to the plastic-
ity of rocks at great depths induced by the cool-
ing of magma (Wilson and Head, 1981). An
appropriate range of values of the stagnation
pressure for use in Eqn. (1) is thus:

p.8L=P,<p.glL+1, (4)

where p. is the average density of the country
rock (about 2700 kg/m?*) and L is the conduit
length (see Fig. 1).

Equations (1)-(3), with the assumption of
the lithostatic magma pressure distribution,
P,— Py=p.gz:, can be used to establish the min-
imum flow velocity of magma through con-
duits, i.e.:

By
o = Byp 2Dy {( :

/2
4szL(pc—pL)8gD%) _1} 5)

+
(4B)*ui

This result is identical to the corresponding re-
sult of Wilson and Head (1981), inspite of the
neglect of entrance losses and flow accelera-
tion from a stagnation state in their model. The
inclusion of the magma yield stress in Eqn. (5)
produces smaller flow velocities and is appro-

priate for magmas close to the solidus
temperature.

2.2 Two-phase flow regions

For z> z; in Figure 1, the fluid flow can be
modeled by an effective two-phase flow model
that ignores the temperature variation of the
mixture and muiti-dimensional effects. The
one-dimensional approximation will be valid
for conduit diameter to length ratios much less
than one, and the isothermal nature of the flow
will prevail due to the large thermal capacity
of magma and in the absence of the mass trans-
fer at the conduit wall, as may be caused by
water interacting with magma. For the bubble
sizes expected in the bubbly flow regime
(greater than several microns), the pressure
difference between the phases (Sparks, 1978)
can be ignored compared to the pressure level
in the conduit, and assuming that the conduit
erosion rate is negligible in comparison with
the magma discharge rate, the governing two-
phase flow equations expressing the balance of
mass and momentum can be written as (see
Dobran, 1987, for example):

Mg =pcodug =XM (6)
M =p (1l —a)Au =(1-X)M (7)
duG
PcucAx dz
dpP
= _aA'(E_FLGA_FwGA—pGgaA (8)

du dpP
meuLA(l—a)7d7L=—(1—a)Aa;

+FgA—F,A—ping(l—a)d (9)

where M is the magma flow rate, u is the veloc-
ity, a is the volumetric fraction, X is the
exsolved gas mass fraction, and where the sub-
scripts G and L pertain to the gas and liquid
(or particle/droplet) phases. In above-equa-
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tions p, is the mean magma density contain-
ing the dissolved gas mass fraction Y and is
given by:

1 Y 1-Y

Pm PG PL

The dissolved gas fraction Y can be deter-
mined from a constitutive equation or an exso-
lution law of the following form:

Y=sP™ (11)

(10)

where s and n, are the parameters expressing
different types of magmas. The relation ex-
pressed by Eqn. (11) comes from the studies
of the permeation of gases through metals
(Fast, 1972) and is generally assumed to be
valid for silicate melts (Sparks, 1978). It is
important to note that Eqns. (6)—(9) are gen-
eral and can be employed for modeling the
bubbly flow before the magma fragments and
to gas-particle/droplet flow after the magma
fragments (see Fig. 1). The different flow re-
gimes in these equations are specified by the
constitutive equations for F, g, F.,g, and F,.
F, g accounts for the interfacial drag between
the phases, whereas F,; and F,s account for
the frictional effects between the magma and
conduit wall in the bubbly flow regime (before
magma fragmentation) and between the gas
and conduit wall in the gas-particle/droplet
flow regime (after magma fragmentation), re-
spectively. These drag forces can be expressed
as follows (Dobran, 1987):

Fig=&sc (ug —uL) (12)
F,; #0; in the bubbly flow regime

=0); in the gas-particle/droplet flow regime
(13)
F,. =0; in bubbly flow regime
F. #0; in gas-particle/droplet flow regime
(14)

where the interphase drag coefficient {5 > 0.
The exsolved gas fraction X can be com-
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puted from the assumptions of no phase change
or mass transfer across the conduit wall. Thus:

(M G ) exsolved + (M G ) dissolved

=XM+Y (1 —-X)M=constant
=XfM+ Yf( 1 —Xf)M

or

X+ Y(1-X;)-Y

X= e (15)
where Y; is the maximum dissolved gas mass
fraction in magma and can be computed from
Eq. (11), i.e. Yr=sP{. With the assumptions
of temperature and pressure equilibriums be-
tween the phases, the equations of state pro-
vide the necessary relations between densities
and pressure:

pG=pG(T7P)7 pL=pL(TaP) (16)
for use in the above equations.

The constitutive equations for &g, F,,. and
F.c must now be specified for the anticipated
flow regimes which can prevail in volcanic
conduits. For usual fluids, such as a mixture of
air and water, the bubbly flow regime occurs at
low gas volumetric fractions, or 0 < a < 0, =0.3
(Wallis, 1969). For void fractions between
about 0.3 and 0.8 the two-phase flow is transi-
tional or in the churn/turbulent regime with
large distortions of bubbles intermittently oc-
cupying the entire flow cross-section of the
channel. For void fractions greater than about
0.8, the bubble agglomeration produces a tran-
sition to the annular flow regime where a lig-
uid film flows adjacent to the channel wall and
the gas with dispersed droplets occupies the
central core (Wallis, 1969). The silicate lig-
uids do not appear, however, to behave as the
normal fluids as described above, probably due
to the large magma viscosity which prevents
relative motion between the phases. These lig-
uids maintain the bubbly or foamy flow re-
gime up to a volumetric fraction of about 0.75
(Sparks, 1978) where the high packing density
of bubbles leads to the magma fragmentation.
In the fragmented magma flow regime the gas
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forms a continuous phase and is in contact with
the conduit wall, with the particles and drop-
lets of magma being dispersed in the flow and
dragged along by the expanding gas phase.

The constitutive equations for nonsilicate
fluids are reasonably well understood for the
bubbly gas-particle flow regimes (Wallis, 1969;
Ishii and Zuber, 1979; Dobran, 1987), and
need to be extrapolated to magmas. The main-
tenance of the foamy flow regime up to the
magma disruption at «=0.75 implies that in
the proximity of this region the two-phase flow
viscosity has to be very large (bubble packing
or locking viscosity ) which is able to produce
a large fluid frictional pressure drop. As fur-
ther discussed below, the magma viscosity also
increases due to exsolution, implying that it
should be unreasonable to assume a constant
magma viscosity in the bubbly flow regime.
The general constitutive relations applicable to
either bubbly or gas-particle flow regimes can
be expressed as follows (Dobran, 1987):

oo =0 poliig — | (17)
Fur Fog= 2{;2,/22 (18)
fn»_ +Bz, Re=Gf“ (19)
Pm=0p;+(1-a)pim (20)
where for:

Bubbly flow regime: 0 < a<0.75
CD=1%(1+0.15 Re,°%87), Re, < 1000 (21)
Cp=0.44, Re, > 1000

Cp, .=Cp (1—a)~*7 (22)
Rebszdb(l—Z)luG—uLl (23)

]
" \aN

Uon = fi, (1 — ) ~25Wa +04u)/(uG+ ) (24)

Cﬁ:%CDl—a(l—aP( )‘/’pLZ” (25)
G b

FwG=O (26)

Gas-particle/ droplet flow regime:. 0.75 <a < 1

Cp= 2 —— (140.1Re 075)
€4
Py = dd (PGg(PL PG)) <34.65
z JTE
~ 1+ 17.67[/(1—a) 1% )2 (27)
CD'O'45< 18.67 f(1 —at)
rh 234.65
UG
(l—a) = a'/?==
4 Hm
31—-aD
Cﬁ:EHmd—‘;c,D (28)
40
di=
“ (og(pL—pc))'
(29)
R _Padaluc —uy|
eg=——--—""
U
—25 adm(uL+0 4uc) /(uL+ uG)
B (1_1—04)
U = UG O
(30)
Qg =0.62 (maximum particle
packing density) (31)

For most practical applications involving
nonsilicate liquids, the drag law for a fluid-par-
ticle system can be approximated by that for a
solid-particle system, up to a certain particle
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size. Beyond this size, the distortion of particle
shape and irregular motions become pro-
nounced (Ishii and Zuber, 1979). The use of
mixture viscosities in evaluating the viscous
drag at the wall and the drag coefficients of
bubbly and gas—particle flow regimes is due to
the fact that when bubbles or particles more
through a fluid they distort the flow field and
the motion of particles is affected by other par-
ticles imposing forces on the original bubbles
and particles. As a result of the additional
stresses, the original particles see an increase
of resistance to their motion which appears as
if it arises from an increased viscosity. Conse-
quently, in analyzing the motion of the sus-
pended particles or evaluating the frictional
loss at the wall due to the mixture of fluid and
particles, the mixture viscosity should be used.
The use of solid particle drag law for Re,> 1000
in Eqn. (21) for bubbly flow is due to the as-
sumption that the exsolved bubbles in magmas
are very small or the suspension is foamy, even
at relatively large volumetric gas fractions «,
and that the bubbles do not significantly dis-
tort this flow regime. The transition from the
viscous flow regime, where the Reynolds num-
ber dependence on Cp, is important, to the
Newton’s regime, where Cp, is independent of
Re, in the solid particle system is expressed by
r% as shown by Eqn. (27). The above drag laws
involving the mixture viscosity u,, have been
tested over a wide range of conditions in non-
silicate systems (Ishii and Zuber, 1979) and
are sufficient up to the foam or dense packing
regimes, with the particle concentrations rang-
ing from 0.5 to 0.99 for both bubbly and drop-
let flows.

The use of mixture viscosity and the as-
sumption of the bubbly or foamy flow up to
the volumetric gas fraction of a=0.75 pro-
duces a four-fold increase of viscosity of the
mixture, without accounting for the dramatic
magma viscosity increase by an order of mag-
nitude with a decrease of water content (see
Eqn. 47 below). An appropriate form of the
magma viscosity u; for use in Eqns. (24) and
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(30) may be that as expressed by Eqn. (47) or
by an alternate power law.

The bubble density Nin Egn. (23 ), depends
on the nucleating characteristics of the silicate
liquids. For steam-water systems N=10'' m~>
and its variation several orders of magnitude
from this value does not affect the predicted
results of the nonequilibrium two-phase criti-
cal flows in tubes (Dobran, 1987). For silicate
liquids, the effect of this variation can also be
established aposteriori as described below. The
particle/droplet diameter dy in Eq. (29) is
based on a result whereby a nonsilicate liquid
desintegrates to droplets at a critical Weber
number of 8 (Ishii and Zuber, 1979), i.e.:

1/2
=Pde{4ag(PLz‘—PG)> ! -3 (33)
g \ PL
Taking, for example, a basalt with g =2700
kg/m?> and 6=0.4 N/m gives dy=20 mm, and
from Eqn. (23), N=6(0.75)/nd3=10° m~3.
This particle size is consistent with the size of
pyroclasts from the plinian eruptions of Mt. St.
Helens in 1980 and Vesuvius in AD 79 (Carey
and Sigurdsson, 1987; Carey et al., 1990). It
should be noted, however, that plinian erup-
tions generate a spectrum of particle sizes from
submicrons to centimeters in size and that a
more appropriate way to model this particle
spectrum would be by a model consisting of
several phases with each particle phase having
a unique particle size. The above Weber num-
ber criteria supplying the particle/droplet size
after magma fragmentation comes from the
studies of nonsilicate two-phase flow systems
and can at best supply only a mean value of dj.
After the magma fragments and the gas ex-
pands to high velocities, the relative velocity
between the gas and particles will produce fur-
ther particle fragmentation and production of
the fine particles as evidenced in the plinian
eruptions. To describe this particle fragmen-
tation requires the consideration of boundary
layer or instability stripping mechanisms which
is beyond the present modeling objectives, but
it may be necessary to consider in the future or
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more complicated modeling of gas-particle/
droplet flow after magma fragmentation in
volcanic conduits. Such a study may produce a
lower relative velocity between the phases,
since a part of the gas kinetic energy may have
to be used for the production of small size
pyroclasts.

The initial conditions for the two-phase flow
model described above are determined by first
locating the position z; in the conduit and the
state of magma at this position. This position
can be determined from Eqn. (1) for a given
stagnation pressure P, of magma in the magma
chamber and the dissolved gas mass fraction
Y:. The latter information can be used in the
exsolution law Eqn. (11) to find the pressure
P;foruse in Eqn. (1). The magma mass flux G
is assumed to be given, or if the maximum is
sought it can be calculated as described below.
The conduit diameter is assumed to be known
or specifiable, i.e. Dy=Dy(z). Differentiating
Eqns. (6) and (7) with respect to z and ad-
joining them to Eqns. (8) and (9) produces a
system of four simultaneous nonlinear ordi-
nary differential equations. These equations,
together with Eqns. (10)-(33), can then be
used to solve for «, P, ug, and u; as functions
of z along the conduit, given the initial values
of ay, Py, ugr, and uy,. These initial variables
can be computed as follows:

(1) With a given nucleation site density N
and diameter of critical nuclei d; for bubble
growth, the initial volume fraction is found
from Eqn. (23),,i.e.:

afz’éng (34)

The nucleation site density and diameter of
critical nuclei have the approximate values of
N=10"" m~3 and d;=50 um (Sparks, 1978;
Dobran, 1987). This is further justified below
in section 3.1 where a parametric study is car-
ried out.

(2) The initial pressure P; is determined
from Eqn. (11) from the knowledge of the type

of magma and maximum dissolved gas mass
fraction Y. Thus:

1/no
Pf=(2,—f> (35)

§

(3) The initial gas velocity uge1s found from
Eqns. (6), (11),and (15),1i.e.

XiG

—_ 36
Ut = G pa (TP (36)

with X; being determined from Eqns. (6) and
(7) with the assumptions of no-slip between
the phases, i.e.:

1
Xi= 37)
TR I (

pc(T.Pr) ar

The no-slip assumption between the phases
when the bubble size is critical is an excellent
assumption (Dobran, 1987) and is more valid
for higher viscosity fluids which impede the
relative motion between the phases.

(4) The initial magma velocity i ¢ is found
from:

Urr=Ugs (38)

because of the above no-slip assumption.

The magma density p; does not vary signifi-
cantly with pressure or dissolved gas content
Y, since Y is less than a few percent for all
known magmas. The gas density varies, how-
ever, significantly along a conduit due to pres-
sure decrease, and the simplest equation of
state that may be used is that of a pefect gas
whereby:

P
Po=p%r (39)
where R is the gas constant of the exsolved gas
(water vapor in the cases considered here). For
magma temperatures on the order of 1000°C,
the perfect gas law approximation is a very
reasonable one.
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2.3 Solution procedure of the modeling
equations

Equations (6)-(9) can be transformed into
the following system of nonlinear ordinary dif-
ferential equations:

dx
Aa—Z—=B (40)
where X is a vector of the dependent variables,
le.

X=(a, P,ug, u )" (41)

and where the coefficients of the matrix 4 and
vector B depend on the dependent variables.
The solution of the system of equations (40)
can then be accomplished with the initial con-
ditions specified by Eqns. (34), (35), (36),
and (38) in terms of the conduit flow cross-
sectional area 4A(z), conduit length L, magma
conditions in the magma chamber (pressure,
temperature, dissolved gas content), physical
properties of magma and dissolved gas, and the
mass flow rate M=GA.

Equation (40) also admits a critical or max-
imum flow-rate M or mass flux G. This critical
flow is determined by satisfying the following
necessary and sufficient conditions (Dobran,
1987):

A4=0 and n,=0, i=1,..,4 (42)

where 4=det(A) is the determinant of 4, and
n, is the determinant obtained by replacing the
ith column of 4 by the column vector B. The
critical flow in a conduit is then obtained by
searching for that value of the mass flow-rate
M which will yield the conditions specified by
Eqn. (42) at the end of the conduit when the
conduit flow cross-sectional area is constant.
The numerical solution of the system of dif-
ferential equations (40) is complicated by the
stiffness of these equations in the bubbly flow
regime, which required the implementation of
a stiff numerical solver (Hindmarsh, 1983)
with an absolute error tolerance of 10~°. This
produced very accurate solutions and maxi-
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mum errors of 10~3% in the local mass flow-
rates.

3. Results

The nonequilibrium model described in the
previous section was first applied to the pre-
diction of flow properties pertaining to basal-
tic fissure eruptions where the results can be
compared with the existing results obtained by
a homogeneous flow model. This comparison
also required a study of the sensitivity of the
model parameters N and d; to ascertain the
confidence limits in the model. After this com-
parison, the nonequilibrium model was em-
ployed to study the plinian eruptions of the Mt.
St. Helens on May 18, 1980, and of Vesuvius
on August 24 and 25, in AD 79. The predicted
results pertain to uniform width fissures and
constant diameter conduits and do not ac-
count, therefore, for the flarring of volcanic
vents.

3.1 Fissures of uniform width

For a fissure of width 2w and length L > w,
the hydraulic diameter Dy=4w according to
Eqn. (2), whereby in Eqn. (3) B;=24 and B,
can be assumed as 0.01. To compare the mod-
el’s predictions with previous calculations us-
ing a homogeneous model an alternate expres-
sion for the single phase flow length z must be
used from that as given by Eqn. (1). This
length is found by integrating the single phase
flow momentum equation:

du dP
meu'a;: —EZ“—Png—FwL (43)

from z=0 where P=P, t0 z=2z; where P=F;,
and employing the conservation of mass
equation:

M=py ud=constant=GA (44)

and the wall frictional force as determined from
Eqgn. (18),i.e..
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2G? (Bl ) GDy
F, = —+B, |, Re= 45
. Dypim\Re 2 e (45)

Thus setting prn.=p., since Y1, gives
u=constant from Egn. (44) and an integra-
tion of Eqn. (43) produces the following result
for the single-phase length z¢

Zf= zpr(PO_Pf) (46)

By pLg2W/)L>
2 1ML
B,G (1+4WGBZ+ B,G?

Equation (46) differs from Eqn. (1) in that
the former equation ignores the acceleration of
magma from the stagnation state in magma
chamber and the frictional losses at the con-
duit entrance.

For a basaltic magma, the appropriate val-
ues of the solubility constants are s=6.8 1078
Pa—°7 and n,=0.7 (Wilson and Head, 1981),
whereas the initial bubble diameter and bub-
ble density can be chosen as 50 um and 10"}
m~3, respectively (Sparks, 1978; Dobran,
1987). Using also the magma properties:
0=0.36 N/m, p; ,=2600 kg/m> T=1200 K,
Y;=0.01, and constant magma viscosities
=100 and 1000 Pa-s, Figure, 2 illustrates the
results for the critical discharge rates or mass
fluxes and the corresponding values of exit
pressure and velocities for fissures of different
widths 2w. The magma chamber pressure P,
used for producing these results was deter-
mined form P,=pgL+P,,,, where p.=2800
kg/m? is the density of country rock, L= 1000
m is the fissure length, and P,,,,=0.1 MPa is
the atmospheric pressure. Moreover, it was also
assumed that magma fragments at «=0.75 and
that no gas exsolution takes place after magma
fragmentation.

Figure 2 illustrates the results obtained by the
nonhomogeneous model and by the same
model when it is assumed that the interfacial
drag &g 1s very large to prevent the relative
motion between the phases (the homogeneous
flow limit). The triangles and squares in the
figure correspond to the computations of Gi-
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Fig. 2. Distributions of critical discharge rates, exit pres-
sures, and exit velocities for fissures of different widths
and magma viscosities, obtained by the nonequilibrium
model. The triangles A (100 Pa-s) and squares O (1000
Pa-s) pertain to the homogeneous model results of Gi-
bert1 and Wilson (1990).

berti and Wilson (1990) who used the homo-
geneous model of Wilson et al. (1980) and
Wilson and Head (1981) without assuming
that the pressure distribution is lithostatic. The
first observation in Figure 2 is that the calcu-
lations of the present model in the limit of ho-
mogeneous flow agree with previous calcula-
tions of a homogeneous model which utilizes
single-fluid momentum and mass balance
equations with effective properties for a two-
phase mixture. An increase in fissure width and
decrease of magma viscosity have the effect of
increasing both the fissure mass flow rates and
exit pressures, with only a slight increase of the
exit velocity when the flow is assumed to be
homogeneous. The effect of large magma vis-
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cosity is very significant for it reduces consid-
erably the exit pressure and mass flow rate ina
constant fissure width when compared with a
small viscosity magma. The effect of relative
velocity between the phases (nonhomoge-
neous or nonequilibrium flow) is to affect dra-
matically the exit pressures and velocities and
not to affect significantly the magma flow rates
which are generally higher. A more pro-
nounced exit pressure decrease due to the non-
equilibrium flow implies that the homogene-
ous model is inadequate to model small fissure
widths because the exit pressure reaches sooner
the atmospheric pressure. When this occurs,
the exit flow will adjust itself to match the at-
mospheric conditions. The decreasing fissure
widths also produce increasing relative veloci-
ties between the phases. Whereas the particle/
droplet velocities remain close to the homoge-
neous values, the gas velocities can be very high
(several hundred meters per second ) and may
be responsible for the lava fountain effect
commonly observed in basaltic eruptions
(Macdonald, 1972). This result thus shows
that it is not necessary to have an annular flow
pattern in the fragmented magma regime which
is thought to be responsible for the production
of high gas velocities which cause the lava
fountains (Sparks, 1978; Vergniolle and Jau-
part, 1986).

The distributions of volumetric fraction,
pressure, and gas and particle/droplet veloci-
ties along the conduits of widths 2w=3 m and
2w=1 m are shown in Figures 3-6. The abrupt
change of the bubbly flow regime to the gas-
particle/droplet regime at a=0.75 is reflected
in different distributions of volumetric frac-
tion, pressure, and velocities in the two re-
gions. In the bubbly flow regime the flow is
nearly homogeneous as reflected by similar
volumetric fraction, pressure, and velocity dis-
tributions. In the fragmented magma regime,
however, there is a considerable disequili-
brium between the phases which increases with
magma viscosity and decreasing fissure width.
For a large fissure width and low viscosity

F DOBRAN
[ T T T T
2w=3 m, T=I200°K
Py =27 54 MPa
08 L=1000 m
( Y;=00l /_,/
p,= 2600 kg/m?
4 =100 Pa-s /
o8} /
7/ a
a, B Y,
"By | —— HOMOGENEOUS y/
oal 1
—— — NONHOMOGENEOUS
N P
N\
N8
o2t N\ ]
ta) LITHOSTATIC ~ "\
i N
9 : + f —+
#1000 Pa-s
osl 7 -
LITHOSTATIC —
7
/ a
N\
osl b N\ // 4
a, £ ?’_o N /
" Py \\
o4} 4
/ \
(b) y N 5
oz / h N
o ~
A 3
T
¢} - 1 i 1
0 0.2 04 06 o8 i

Fig. 3. Distributions of volumetric fraction and pressure
along a fissure three meters wide and comparison from
the homogeneous and nonhomogeneous modeling. (a)
magma viscosity is 100 Pa-s, and (b) magma viscosity 1s
1000 Pa-s.

magma, the fluid pressure exceeds the lithos-
tatic pressure along the entire length of the
conduit (Fig. 3a), whereas for a high-viscosity
magma, which causes a large frictional pres-
sure drop, the pressure is reduced below the
lithostatic pressure along most of the conduit
and exceeds the latter only near the conduit exit
(Fig. 3b). The fluid pressure decrease below
the lithostatic is especially pronounced for
small fissure widths (Fig. 5b), indicating the
possibility of rock fracture and water pouring
into the conduits from underground aquifers.
The flow of water into conduits and mixing
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with fragmented magma is advocated by Bar-
beri et al. (1988) as the most likely cause of
the phreatomagmatic explosions. The results of
the present modeling effort appear to confirm
this conclusion.

The velocity distributions in Figures 4 and 6
show that after magma fragmentation there is
some delay in accelerating the particle/droplet
phase which has a much greater inertia than
the gas phase which rapidly expands. In the
bubbly flow regime the high viscosity of magma
impedes the relative motion between the
phases and there is an enormous reduction in
the interfacial drag between the phases as the
magma fragments. While all the homogeneous
flow exit pressures in Figures 2, 3 and 5 are
greater than atmospheric, this is not the case
for the nonhomogeneous flow with g; =1000
Pa-s and 2w=1 m as shown in more detail in
the insert to the right of Figure 5b. This result

2w=3m, T=1200°K
Po= 2754 MPa

12 - L=1000 m

Y4 =00l ;
pL=2600 kg/m3 |

———= u, =100 Pa-s

Fig. 4. Distributions of velocities along a fissure three me-
ters wide for different magma viscosities and comparison
from the homogeneous and nonhomogeneous modeling.
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Fig. 5. Distnibutions of volumetric fraction and pressure
along a fissure one meter wide and comparison from the
homogeneous and nonhomogeneous modeling. (a)
magma viscosity 1s 100 Pa-s, and (b) magma viscosity is
1000 Pa-s.

clearly shows that such a flow cannot occur
with P,,,=0.1 MPa and that it would have to
adjust itself to produce a subcritical flow con-
dition such that the exit pressure is nearly bal-
anced with the atmospheric pressure.

The effect of the bubble density N and size
of the critical nuclei d; for bubble growth on
the above results was investigated by varying
these parameters from dy=10-100 ym and
N=10°-10"" m~>. This variation produces
maximum changes of + 10% of the critical dis-
charge rates and pressures and * 1% in the exit
velocities and volumetric fractions for the
range of fissure geometries and magma prop-
erties considered above. In general, increasing
values of d; produce larger critical flows and
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Fig. 6. Distributions of velocities along a fissure one me-
ter wide for different magma viscosities and comparison
from the homogeneous and nonhomogeneous modeling.

exit pressures, whereas smaller N produce
smaller critical flows and exit pressures, with
all other parameters being the same. More-
over, the most significant effects produced by
the changes of d; and N on the critical flows
occur at smaller fissure widths where nonequi-
librium effects are largest. The values of de= 50
um and n=10"" m~3 used in the calculations
thus appear to be adequate and are, moreover,
consistent with the previous studies (Sparks,
1978; Dobran, 1987). Sparks (1978) notes
that d; is larger than 5 um as ascertained from
pumice and scoria fragments.

3.2 The eruption of Mt. St. Helens on May 18,
1980

The nonequilibrium model of section 2 can
be used to explain the shifts of the eruption
styles during the May 18, 1980 eruption of Mt.

F. DOBRAN

St. Helens. The column height variations and
mass balance calculations based on the vol-
umes of pyroclastic flows and ash show that
shortly after the blast/surge event at 09.00 hrs
on May 18, 1980 a plinian column began form-
ing over Mt. St. Helens and lasted until noon
during which time a mafic dacite was emptied
from a magma chamber at a rate of about
2% 107 kg/s. From about noon to 16.00 hrs the
eruption rate increased to 4.4 107 kg/s and
was caused by the eruption of a denser silicic
andesite. This eruption phase also produced
pyroclastic flows due to the eruption column
collapse. For the subsequent two hours the pli-
nian activity was reestablished with a dimin-
ished eruption rate of about 107 kg/s (Carey et
al.,, 1990).

The early plinian phase activity is associated
with tapping of a mafic dacite from the upper
regions of the magma chamber, whereas the
increased rate of erupted mass during the in-
termediate phase is associated with tapping of
a lighter and less viscous silicic andesite from
the lower regions of the magma chamber (Fig.
7). The second plinian activity during the last
phase of eruption is associated with tapping of
a mixture of mafic dacite and silicic andesite
from the chamber. These erupted mass fluxes
can be very well correlated with the varying
magma viscosity feeding the volcanic conduit
of the Mt. St. Helens.

The data in Table 1 were compiled from sev-
eral sources and can be used to determine the
necessary parameters for the input into the
model. These data involve a maximum dis-
solved water content in magma of Y;=4.6%,
magma density of p,,,=2600 kg/m>, magma
temperature of 7'=1200 K, an estimated hy-
drous magma viscosity from 10° to 10° Pa-s
that also contains about 40% crystals by vol-
ume, a confining magma pressure P,=185-265
MPa computed from the country rock density
P.=2700 kg/m?* and conduit lengths L=7-10
km, a conduit diameter of 95 m, a volumetric
fraction of about 0.75 at the onset of magma
fragmentation, and a dacitic magma discharge
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Fig. 7 Vanation of magma discharge versus time during
the eruption of Mt. St. Helens on May. 18, 1980. Solid
triangles represent magma discharge calculated from the
model-based column height estimates. The dashed curve
represents the average magma discharge based on the vol-
ume of pyroclastic flows and co-ignimbrite ash. At the top
of the figure the compositional variation of erupted prod-
ucts 1s shown as a function of time. After Carey et al.
(1990).

of about 2 x 107 kg/s during the plinian phases.
Based on these data the nonequilibrium model
of section 2 was employed to establish the pos-
sible variations of eruption rates by varying the
magma viscosity. It should be stressed that the
magma viscosities given in Table 1 were com-
puted from a laminar flow model where the
flow is driven by the density contrast between
the country rock and magma and an assumed
flow velocity of about 1 m/s.

The magma viscosity depends strongly on its
silica, dissolved water, and crystal contents.
Dacites have a large silica content and, there-
fore, strong SiOSi bridging bonds which pro-
duces large viscosity (Hess, 1989). An addi-
tion of water to dacite depolarizes or replaces
these strong bonds by much weaker SiOH
bonds which effectively decrease the viscosity.
The presence of crystals increases, however, the
magma viscosity, and the combined effects of
crystals and water content Y may be expressed
by an equation of Shaw (1969), i.e.

.UL=,UL0(1— 135¢)—2 Se—133) =ﬂoe—133Y
(47)

where ¢ is the volumetric fraction of crystals
and y;, is the viscosity of an anhydrous and
crystal-free magma. Andesites and dacites in
eruption have viscosities ranging from 10* to
10'° Pa-s. For the May 18, 1980 eruption and
based on laminar flow models as noted above,
Carey and Sigurdsson (1985) estimated a
magma viscosity of 2.3 x 10° Pa-s based on the
water content of 4.6% and crystal content
¢ =0.4, whereas Scandone and Malone (1985)
estimated a value of 2.2 10° Pa-s. As water
exsolves due to pressure decrease along a con-
duit, Eqn. (47) predicts an order of magni-
tude increase in the magma viscosity. This in-
crease, combined with the volumetric gas
fraction increase, produces a rapidly increas-
ing viscosity of the bubbly mixture (Eqn. 24)
as the magma fragmentation region or maxi-
mum bubble packing density is approached.
The assumption of a constant magma viscosity
in a model reflects, therefore, only an average
value of the viscosity in single phase and bub-
bly regions. The results in Figures 8-11 below
were generated with constant and variable
magma viscosities to assess the relative impor-
tance of this effect. In addition to the parame-
ters indicated in Table 1 for computations it
was also assumed that K=0.03 (smooth en-
trance), N=10"" m~3, and dr= 50 um.

Figure 8 illustrates the distributions of criti-
cal discharge rates, exit pressures and veloci-
ties with the average magma viscosity and two
different values of magma chamber pressures
(185 and 265 MPa). The results in this figure
are limited by the lower and upper bounds of
the May 18, 1980 plinian eruption rates of Mt.
St. Helens (107 and 4.4x 107 kg/s), and are
computed assuming that the discharge is criti-
cal. The mass discharge rates and exit pres-
sures are strong functions of the average
magma viscosity feeding the volcanic conduit
which is between 10® and 107 Pa-s for the pos-
sible uncertainty of the magma chamber pres-
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TABLE 1
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Parameters of the May 18, 1980 eruption of Mt. St Helens compiled from different sources for the pliman eruption
phases. The last column 1n the table lists the input parameters for input to the nonequilibrium model.

Variable Scandone and Carey and Rutherford Carey et al Selected for

Malone (1985) Sigurdsson et al. (1990) comput
(1985) (1985)

Magma type dacite dacite dacite dacite/andesite dacite

Max. dis. water cont. [wt.%] 46 46 46+1 - 46

Magma density [kg/m?3] 2500 2600 - - 260y

Crystal content [vol.%] 30-40 40 40 40 4

Country rock density [kg/m?] 2700 2700 - - 2700

Magma temperature [°C] - 920-940 920-940 - v 3

Magma viscosity [Pa-s] 2.2x 1000 2.3x10%% - - N

Depth of magma chamber [km ] 7-9 7-10 7.2+1 - o

Magma confining pres. [MPa] 185-228% 190-250 190-250 -

Average conduit diameter [m ] 100 95 - - 9

Vent diameter [m] - <105-135 - - M

Magma discharge rate [kg/s] 1 5x107+40% 1.94x 107 - 107/4 4x 107

Total discharge rate [kg/s] - 2.28x107 - - o

Estimated min/max vel. [m/s] - 200/330 - - '

Pumice volumetric frac. {%] - 74 - - 7S

Degasing after magma fragm - yes - - yes

Solubility constant [Pa~—°3] - - - - 4ix 10

Exponent, n _
Friction coef. B, -

- - - s

‘DBased on a laminar magma flow due to the buoyancy contrast of 200 kg/m? and velocity of 0.6 m/s
(2)Based on a laminar magma flow due to the buoyancy contrast of 100 kg/m? and velocity of 1 m/s.
() Based on the country rock density. condurt length, and atmospheric pressure, pgL+ P,

4)Variable parameter in the model
$)Result from the model

sure or conduit lengths. The magma chamber
pressures were computed assuming a lithos-
tatic pressure head with a country rock density
of 2700 kg/m?* and conduit lengths of 7 and 10
km. As shown in Figure 8, low discharge rates
and exit pressures can be produced by high
magma viscosities, such as a mafic dacite con-
taining a high crystal content and discharged
from the upper regions of the magma chamber
during the initial and final eruptive sequences
of the volcano as suggested by Carey et al.
(1990). A lower magma viscosity produces
higher discharge rates and is consistent with the
eruption of silicic andesite during the inter-
mediate eruption sequence of the May 18, 1980
eruption of Mt. St. Helens. This eruption se-
quence also produces the largest exit pressure.

The smallest eruption rate of 107 kg/s pro-
duces an exit pressure close to the atmospheric
and is consistent with the initiation and ter-
mination of the eruptions.

The gas and particle/droplet velocities at the
conduit exit are not strongly affected by the
magma viscosity, but do show an increase of
the disequilibrium between the phases with an
increasing viscosity or decreasing eruption rate.
It is also seen from Figure 8 that the particle/
droplet velocity is about 170 m/s whereas that
of the gas exceeds 400 m/s. This produces a
mean two phase flow velocity at the exit rang-
ing from 150 to 185 m/s, and is computed from
the discharge rates of 6208 and 1410 kg/m?-s
and mean densities p,, of 34 and 9.3 kg/m?,
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Fig. 8. Distributions of the critical discharge rates, exit
pressures, and exit velocities with the average magma vis-
cosity at different magma chamber pressures and conduit
lengths for the Mt. St. Helens eruption on May 18, 1980.
The parameters 1n the model are listed 1n Table 1.

respectively. The mean density is computed
from:

Pm=0pc+ (1—a)pL (48)

Based on the plinian eruption column model-
ing (Wilson, 1976), Carey and Sigurdsson
(1985) estimated that the range of exit veloc-
ities for the eruption of Mt. St. Helens is be-
tween 200 and 300 m/s. This velocity range is
higher than the mean velocity range computed
above but below the computed exit gas veloci-
ties of about 400 m/s.

Figures 9-11 illustrate the distributions of
void fraction, pressure, and velocities along the
conduit for different eruption rates, conduit
lengths, and constant and variable magma vis-
cosities. The volumetric fraction and pressure
distributions in Figures 9 and 10 are signifi-
cantly different in the bubbly and gas-particle/
droplet flow regimes. The void fraction in-

crease in bubbly flow produces a significant
pressure gradient which rapidly increases as the
magma fragmentation zone at a=0.75 is ap-
proached due to the rapid increase of two-phase
flow viscosity. The fluid pressure falls signifi-
cantly below the lithostatic pressure and has a
similar behavior for different discharge rates
of Mt. St. Helens eruption (2160 and 6208 kg/
m2-s or 1.5% 107 and 4.4x 107 kg/s). The ef-
fect of allowing for the variable magma viscos-
ity in the model according to Eqn. (47) is to
produce a smaller pressure decrease below the
lithostatic pressure and a much more steeper
pressure and void fraction gradients close to the
magma fragmentation zone than in the case of
constant viscosity. The distributions in Figure
9 (L=7 km) and Figure 10 (L=10 km) are
similar, and the pressure in the gas-particle/
droplet flow regime recovers and exceeds the
lithostatic pressure only in the proximity of the
conduit exit. The inserts to the right of Figures
9 and 10 illustrate in more detail the local dis-
tributions of pressure close to the conduit exit.

The large difference between the lithostatic
and fluid pressures in the vicinity of the magma
fragmentation zone can lead to the rupture of
the conduit wall and is consistent with the sug-
gestion of Barberi et al. (1988) that phreato-
magmatic eruptions occur due to water pour-
ing into conduits and mixing with fragmented
magma. The phreatomagmatic eruption of the
Mt. St. Helens volcano occurred before the ini-
tiation of the first plinian phase and may have
been caused in part due to the rupture of the
conduit wall soon after the magma flow pro-
duced a large difference between the lithos-
tatic and fluid pressures, causing the emptying
of the underground aquifers. Wilson and Head
(1981) suggest that the largest pressure differ-
ences are expected in the intermediate levels of
the crust, whereas the lowest occur in the deep
crust where rocks can deform plastically, and
in the unconsolidated near-surface layers. The
ultimate strength of rocks can vary signifi-
cantly with water content in their pores, pres-
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Fig. 9. Distributions of volumetric fraction and pressure along a conduit 7 km log and 95 meters 1n diameter tor the Mt.
St. Helens eruption on May 18, 1980. The results show the effects of critical discharge rates, constant and variable magma
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Fig. 10. Distributions of volumetric fraction and pressure along a conduit 10 km long and 95 m 1n diameter for the Mt.
St. Helens eruption on May 18, 1980. The results show the effects of critical discharge rates, constant and variable magma
viscosities, and different values of the friction loss coefficient B,. The description of different curves 1s given in Fig. 9.

sure, and temperature, and its range is 40-300
MPa for andesite, 30-600 MPa for basalt, and
150-1000 MPa for granite (Carmichael,
1989). The failure criterion of a rock is a rela-
tionship between the principal effective
stresses, representing a limit beyond which in-
stability or failure occurs. According to one

failure criterion, a failure initiates as soon as
the minimum principal stress component
reaches the tensile strength of the material, and
the fracture normally aligns itself perpendicu-
larly to the minimum principal stress compo-
nent (Economides and Nolte, 1989). Both the
elastic properties of rocks and tectonic forces
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Fig. 11. Vanations of gas and particle/droplet velocities
along a 95-m-diameter conduit of the Mt. St. Helens erup-
tion on May 18, 1980, with different critical discharge rates
and conduit lengths.

are responsible for producing a horizontal
stress on rocks at depths which when added to
the difference between the lithostatic and fluid
pressures in a conduit should exceed the frac-
ture stress of the rock to produce a wall rup-
ture. In Figure 9 and 10 the maximum pre-
dicted difference between the lithostatic and
fluid pressure is about 90 MPa for the constant
magma viscosity case, 80 MPa for the variable
viscosity case, and 65 MPa for the variable vis-
cosity and ten-fold increase in the turbulent
friction coefficient (B,=0.1). Upon compari-
son with the ultimate strength of rocks as given
above, it follows that the predicted pressure
differences may be too large and that some
model parameters may not be very realistic.
The pressure differences at the conduit inlet in
Figures 9 and 10 reflect the losses associated
with the flow acceleration and friction.

The extent of the disequilibrium between the
phases in the gas-particle/droplet flow regime
is reflected in the local distributions of veloci-
ties as shown in Figure 11. This disequilibrium
is largest for the higher viscosity magmas, and
the high exit gas velocities (in excess of 400
m/s) can transport high into the atmosphere
very small (sub- and micron-size) pyroclasts.

3.3 The eruption of Vesuvius in AD 79

On August 24 at 1 p.m. in AD 79 a plinian
eruption column began forming over Vesuvius
and it was preceded by a phreatomagmatic ex-
plosion that generated the eruption cloud. For
the next 7 hours, a phonolitic magma (white
pumice) was ejected and the discharge in-
creased to about 10® kg/s. After seven hours of
plinian activity, or at about 8 p.m., the magma
composition changed to the mafic phonolite
(grey pumice ) with the magma discharge rate
increasing to about 1.5x 10 kg/s at 1 a.m. on
August 25. At this time the first of the six pyr-
oclastic surges and flows were produced, obli-
terating in the first surge Herculaneum and in
the fourth surge at 7:30 a.m. Pompe1 and kill-
ing about 2000 people (Sigurdsson et al., 1985,
1990; Carey and Sigurdsson, 1987).

The variation of the eruption rate of Vesu-
vius parallels the variation of physical and
chemical composition of magma feeding the
volcanic conduit. The eruption of white pum-
ice is associated with the withdrawal of low
density and viscosity evolved magma from the
top of the magma chamber, whereas the erup-
tion of grey pumice is associated with tapping
of magma from the lower regions of the magma
chamber. This magma was denser, contained
less volatiles, was more viscous, and included
larger proportions of crystals than the topping
magma (see Table 2). Carey and Sigurdsson
(1987) associate the vent widening during the
eruption with the vanation of the eruptive pa-
rameters of magma, whereas Sheridan et al.
(1981) argue that the vent widening, or in-
crease in the “explosivity” of the volcano, can
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TABLE 2
Parameters of the AD 79 eruption of Vesuvius as compiled from different sources for the plinian eruption phases. The

last column 1n the table lists the input parameters to the nonequilibrium model. The parameters during the 1nitial and
mtermediate eruptions are separated by a slash.

Barberi et Selected tor

Variable Sigurdsson et al Carey and Sigurdson et

(1990) Sigurdsson al (1985) al. (1981) _omput

(1987)

Magma type phonolite phonolite phonolite phonolitc  phonolite
Max dis. water cont. [wt.%] 47/35105 high/low high/low - 47/35
Magma density [kg/m?] 2380/2510 - /higher 2500/higher  2200/2600 2400/2550
Crystal content [vol.%] - 18/40 - - 18/40
Country rock density [kg/m’] - - 2700 700
Magma temperature [ °C}) - 300 - 350 850
Magma viscosity [Pa-s] 2.2X10%Y /hugher'®’ - - v
Depth of magma chamber [km] - >3 3-3
Magma confining pres. [MPa] - - - 1329
Average conduit diameter [m] - widens - B
Vent diameter [m ] - =cond. dia. 160/260 cond. dia
Magma discharge rate [kg/s] - - - - total rate
Total discharge rate [kg/s] 8x107/1 4x 10" 8.2x107/1 5x10% 10%/1.5x10° Aax 10771 51
Estimated min /max vel [m/s] - - 330/400
Pumice volumetric frac. [%] - 075 - U 75
Degassing after magma fragm - - - s
Solubility constant [Pa—%] - - - - 4 10-

Exponent. n ~
Friction coef. B, -

05

01

= =

- - {

‘UIDetermined from chemical composition, crystal content, and temperature The temperature and water content are not

given.
2'Due to higher crystal content

9Determined from country rock density, conduit length, and atmospheric pressure, p.gL + Py,

““'Variable parameter 1n the model
‘3'Result from the model.

also be affected by the interaction of water with
magma.

Table 2 summarizes the available informa-
tion of the plinian eruptions of Vesuviusin AD
79 that can be used to establish the lacking data
and determine the local variation of flow pa-
rameters within the conduit. For each avail-
able parameter for which the information is
known, Table 2 lists two values: the first per-
taining to the early plinian phase and the sec-
ond to the intermediate plinian phase where
magma discharge was maximum and drawn
from the deeper regions of magma chamber.
The last column in the table summarizes the
input parameters to the model on the basis of

which it is possible to establish the variations
of conduit diameter, exit pressure, exit veloci-
ties, etc., as a function of magma viscosity. The
magma viscosity varies greatly as water
exsolves along the conduit and considerably
affects the results as discussed above for the
eruption of Mt. St. Helens. The actual varia-
tion of magma viscosity with crystal content
and water is unknown for the eruption of Ve-
suvius in AD 79 and was assumed to follow
Eqn. (47). Moreover, it was also assumed that
the exsolution law for rhyolite remains valid,
and that N=10" m~?, d¢=50 um, K=0.03,
and B,=0.01. The results of computations are
summarized in Figures 12-15.
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Figure 12 illustrates the variations of con-
duit diameter, exit pressure, and exit gas and
particle/droplet velocities for two different
critical discharge rates (8 X107 and 1.5%x10?
kg/s) with the anhydrous magma viscosity 4,
that includes the crystal content. It should be
noted that the magma which produced the
lower discharge rate contains a higher water
content and is less denser than the magma
which produced the highest eruption rate (see
Table 2). For a fixed discharge rate, magma
density, maximum dissolved water content,
and a fixed length of conduit, larger diameter
conduits can transport more viscous magmas
(Fig. 12a) and create larger viscous pressure
drops which is reflected in the lower exit pres-
sures (Fig. 12b). For a fixed viscosity y,, larger
magma discharges require larger conduit di-
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Fig. 12. Distributions of the conduit diameter, exit pres-
sure, and exit velocities with the anhydrous magma vis-
cosity and discharge rates for the eruption of Vesuvius in
AD 79. The parameters in the model are listed 1n Table 2.

ameters and produce smaller exit pressures.
The withdrawal of a more viscous magma from
the magma chamber also produces a larger dis-
equilibrium between the phases as reflected in
the larger relative velocity between gas and
pyroclasts (Fig. 12¢).

Figure 13 illustrates the distribution of the
local volumetric fraction and pressure along the
conduit for a conduit diameter of 100 m and
two discharge rates. From these results it may
be inferred that the earlier or first plinian erup-
tion phase of Vesuvius was more prone in in-
teracting with water from the underground
aquifers than the intermediate eruption with
maximum discharge, since it may have pro-
duced a larger difference between the lithos-
tatic and fluid pressures. The phreatomag-
matic explosion of Vesuvius before the
establishment of the first plinian phase is, of
course, an established fact (Sigurdsson et al.,
1985) and reinforces the modeling conclusion
which predicts a large difference between the
lithostatic and fluid pressures immediately
after the generation of the eruption cloud, hav-
ing the potential to cause the conduit wall rup-
ture and water inflow. This conclusion can also
be reinforced by referring to Figure 14 where
it is shown that an increase of conduit diame-
ter, as may be caused by an increasing dis-
charge rate, effectively decreases the differ-
ence between the lithostatic and fluid pressures,
but not as much as in the case when the con-
duit diameter is maintained constant. The mo-
tion of the magma fragmentation zone along
the conduit and conduit erosion, caused by the
changes in the magma properties feeding the
conduit, may thus also explain the activation
of underground aquifers and intermittent
phreatomagmatic explosions which can pro-
duce pyroclastic flows during the withdrawal
of mafic phonolite from the magma chamber
of Vesuvius. Note also in Figures 13 and 14 that
the maximum water content of 4.7 wt.% dur-
ing the magma withdrawal from the upper re-
gions of the magma chamber produces exsolu-
tion near the conduit entrance and greater
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Fig. 13 Distributions of volumetric fraction and pressure along the 5-km-long conduut for the eruption of Vesuviusin AD
79, with a conduit diameter of 100 m and different discharge rates and water contents 1n magmas
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Fig. 14. Distributions of volumetric fraction and pressure along the 5-km-long conduit for the eruption of Vesuviusin AD

79, with conduit diameters of 80 and 140 m

depths where magma fragments. The inserts to
the right in these figures provide an expanded
view of the pressure distributions close to the
conduit exit. The local variations of gas and
particle/droplet velocities for the results in
Figures 13 and 14 are presented in Figure 15,
showing considerable disequilibrium between
the phases in most of the conduit when magma
contains large quantities of water.

The results in Figures 13-15 pertain to a 5-

km-long conduit. A shorter conduit and a dis-
solved water content of 4.7% requires exsolu-
tion in the magma chamber and can produce
two-phase flow at the conduit entrance during
an eruption. Whether this scenario is likely or
not cannot be ascertain from the available data,
but it may have to be considered in the future
modeling efforts of Vesuvius before using the
model for the prediction of volcanic hazards.
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Fig. 15 Vanations of velocities along the 5-km-long con-
duit for the eruption of Vesuvius in AD 79, with different
conduit diameters and discharge rates.

4. Discussion

The results of one-dimensional and isother-
mal two-phase flow modeling in volcanic con-
duits presented in the previous section dem-
onstrate the importance of nonequilibrium
effects as affected by the magma viscosity. The
exsolution of a hydrous magma produces an
increasing two-phase flow viscosity along the
conduit for two reasons: first because the lig-
uid becomes more viscous and its particles
move with more difficulty relative to each
other, and second the liquid flows with more
difficulty between the growing bubbles. This
increasing flow resistance produces a large
frictional pressure drop close to the maximum
packing density of bubbles in the liquid, lead-

ing to the magma fragmentation and change of
the flow regime to the one with a continuous
gas phase with dispersed particles and drop-
lets. The large difference between the local
lithostatic and fluid pressures in a conduit in
the proximity of the magma fragmentation
zone can produce a failure of the conduit wall,
cessation of the eruption due to the conduit
closure, or an inflow of water into the conduit
through the fractured wall. This implies that
upon the establishment of a flow or an erup-
tion there should be a high probability of pro-
ducing phreatomagmatic explosions as the un-
derground aquifers are emptied. The
phreatomagmatic explosions are known to oc-
cur before and during the eruption of Mt. St.
Helens in 1980 and Vesuvius in AD 79 (Sig-
urdsson et al., 1985; Carey et al., 1990). The
more viscous the magma the larger will be the
difference between the lithostatic and fluid
pressures in the conduit near the magma frag-
mentation zone and, therefore, the higher will
be the probability of phreatomagmatic erup-
tions and changes of the eruptive modes of a
volcano as magma is tapped with different
physical properties from different regions of a
magma chamber. A large viscosity magma pro-
duces a large frictional pressure drop before
magma fragments which is responsible for the
large pressure difference between lithostatic
and fluid pressures.

The widening of a conduit during an erup-
tion can be associated with the dissipation of
energy of the fluid at the conduit wall and vari-
ation of physical and chemical characteristics
of magma which feeds the conduit. The vis-
cous dissipation of fluid is greater for greater
viscosity magmas which should in turn pro-
duce larger conduit erosion rates. The with-
drawal of magma with different properties
(density, anhydrous viscosity, crystal content,
water content, etc.) can produce a change in
the location of the magma fragmentation zone
and different erosion rates in different parts of
a conduit. A magma/water interaction can
produce a rapid vaporization of water and va-
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por pressure increase leading to the creation of
high velocities and large dissipation of fluid
energy at the wall. A large conduit wall erosion
rate can produce a dense two-phase mixture at
the conduit exit and contribute towards the
eruption column collapse, producing pyroclas-
tic flows and surges.

The maximum predicted differences be-
tween the lithostatic and fluid pressures in the
conduits for the eruptions of Mt. St. Helens in
1980 and Vesuvius in AD 79 may be too large
and not very realistic due to the possibility of
large variation of rock properties and tectonic
forces in volcanic edifices of these volcanoes.
By assuming that the conduit wall is made up
of a solidified magma which initially pene-
trated or slowly percolated upwards towards
the surface before the opening of the volcanic
vent, it is possible to argue that the predicted
maximum pressure differences in the conduits
of Mt. St. Helens and Vesuvius do not exceed
the allowable ultimate stress limits of rocks
(Carmichael, 1989) at intermediate depths
where the fracture stresses of rocks are the
greatest (Wilson and Head, 1981). The pre-
dicted locations of these maximum pressure
differences or magma fragmentation zones all
lie at intermediate depths of the conduits (see
Figs. 9,10,13,14).

If the limits of the rock fracture stresses and
locations of aquifers can be ascertained in dif-
ferent regions of a volcanic system then it may
be possible to employ the above nonequilib-
rium model for determining a consistent or
corresponding set of flow parameters and mass
discharge rates. If this is accomplished it may
turn out, for some combination of parameters,
that the conduit cannot sustain a critical or
maximum flow and that the conditions sur-
rounding the volcanic vent determine the flow
in the conduit. Moreover, the closing of a vol-
canic eruption cannot only be associated with
the reduction of stagnation or driving pressure
for magma in a magma chamber, but also with
the conditions above the vent, the structure of
the volcanic edifice, and with the properties of
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magma feeding the conduit. This would then
imply that the flow in the conduit can be deter-
mined only by simulating the behavior of the
entire volcanic system. A global simulation of
volcanic transport processes would be the ul-
timate objective of volcanic modeling efforts
and may lead to the prediction and control of
volcanic hazards (Dobran et al., 1990 ).

For the plinian eruptions of Mt. St. Helens
on May 18, 1980 and Vesuvius in AD 79, the
predicted exit pressures are always greater than
the atmospheric pressure, and the exit veloci-
ties can reach several hundred meters per sec-
ond (Figs. 8, 12). These predictions are based
on the constant diameter conduits and do not
allow for vent flarring which is normally ex-
pected during the eruptions due to the uncon-
solidated nature of rocks close to the surface.
The vent flarring should be, therefore, a com-
plicated function of the local rock structure.
properties of the two-phase mixture in the con-
duit which contribute towards the dissipation
of energy and wall erosion, and properties of
the local atmosphere and topography of the
surface of volcano. Some of these effects can
be easily incorporated into the model and are
left for future studies. The predicted gas veloc-
ities (up to 500 m/s) are sufficiently large and
capable of producing the thrusting of pyro-
clasts and lithics high into the atmosphere. The
height of an eruption cloud can be well pre-
dicted by the mass eruption rate and tempera-
ture difference between the magma and atmo-
sphere (Wilson et al., 1978; Sparks, 1986;
Woods, 1988), whereas the conditions deter-
mining the plinian or collapsing columns ap-
pear to be determined principally by exit pres-
sure and Richardson number defined as
( Valentine and Wohletz, 1989):

Rl - pm utszlt
g(pm ~ Patm )0 5Dvent

where p,, is the mean two-phase flow density
at the conduit exit. The conditions leading to
the rising (large Ri) and collapsing (small Ri)
columns should be more complicated than

(49)
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those expressed by Eqn. (49), and the relative
velocity between the phases and the size of
pyroclasts and lithics should also play an im-
portant role. The modeling of pyroclastic dis-
persions above the volcanic vents requires an
accurate knowledge of two-phase flow bound-
ary conditions at the exit of the vent which
must be determined from accurate modeling of
nonequilibrium flow in volcanic conduits.

5. Summary and conclusions

A nonhomogeneous, steady-state, isother-
mal, and one-dimensional two-phase flow
model was developed for modeling flows in
volcanic conduits. The model incorporates the
relative velocity effect between the phases and
accounts for the magma viscosity increase as
the dissolved gas is exsolved along a conduit.
The resulting set of nonlinear differential
equations was solved numerically by a stiff nu-
merical solver which is very robust and was ef-
fectively implemented on a personal com-
puter. The predictions of the model were first
tested by comparing the results with basaltic
fissure eruptions obtained by a homogeneous
model. The predicted results from the non-
equilibrium model are in excellent accord with
the homogeneous model in the limit of con-
stant magma viscosity and very large interfa-
cial drag which prevents the relative motion
between the phases. The sensitivity analysis of
several modeling parameters demonstrated a
minor effect on the predicted flow parameters
in the conduits. Employing the parameters of
the eruptions of Mt. St. Helens on May 18,
1980 and Vesuvius in AD 79, the model was
used to determine the possible variations of
magma properties and conduit geometries
during these eruptions.

The numerical results show that large vis-
cosity magmas can produce a large difference
between the lithostatic and fluid pressures in
the proximity of magma fragmentation in a
conduit. This pressure difference can produce
the conduit wall fracture, closure of the vol-

canic vent, or inflow of water into the conduit
through the fractured wall from underground
aquifers. Such a large pressure difference can
occur in different parts of the conduit, depend-
ing on the properties of magma which feeds the
conduit. The motion of the magma fragmen-
tation zone along a conduit during the course
of an eruption may also cause intermittent dis-
ruption of the plinian eruption phases as caused
by the phreatomagmatic explosions due to the
activation of aquifers at different depths. These
explosions and the variation of magma prop-
erties and pressure at the conduit entrance may
produce a significant wall erosion due to the
high energy dissipation of very viscous mag-
mas. By increasing the magma viscosity pro-
duces lower exit pressures and larger disequi-
librium effects at the exit of a conduit. The
predicted exit velocities for the Mt. St. Helens
and Vesuvius eruptions range from about 200
m/s for the particle/droplet phase to 500 m/s
for the gas phases, without accounting in the
model for vent flarring as normally required by
a homogeneous model in order to predict large
exit velocities. The homogeneous model is not
adequate for the prediction of critical mass flow
rates from small fissure widths and for large
viscosity magmas, and can produce consider-
able errors in the distributions of local flow pa-
rameters in and at the exits of conduits. The
viscosity of magma in a magma chamber has a
overwhelming influence on the flow distribu-
tion along a conduit and the maintenance of
eruptions, and much effort needs to be made
in the future to identify this parameter, either
experimentally or through simulations of
magma chamber processes.

The results of the present modeling effort
point to a great need in identifying the rock
structure and location of aquifers of volcanic
edifices. Without such a quantitative identifi-
cation it may be futile to carry out the conduit
modeling for the purpose of assessing the vol-
canic hazards. With this information and ac-
curate knowledge of the properties of magma
feeding a volcanic conduit, it may then be pos-
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sible to establish the necessary conditions at the
volcanic vent for input into a model of pyro-
clastic dispersions. The future work in vol-
canic conduit modeling should include non-
isothermal flow, conduit wall erosion,
interaction of magma with water, transient
nonequilibrium two-phase flow, and volcanic
structure~fluid interactions.
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